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ABSTRACT

Modeling and experiments on nematic ordering inngetically frustrated nematic and chiral nematistegns reveals
diverse birefringent micro and sub-micro structuiesluding knotted and linked nematic braids, skigms, torons, and
hopfions. Here, these complex defect structuresusesl to illustrate simulations of optical imagesl aisualization of
complex nematic fields. Particular attention isegivto simulations of images obtained by three-phadgcitation
fluorescence polarizing microscopy that can uneihplex three dimensional nematic fields at therometer scale.

Keywords: Director field, Q-tensor nematic field, splay, Hef twist deformations, topological defects, sirgudlefects,
nonsingular defects, nematic braids, torons, haogfidknots, polarization microscopy, Pontryagin-Thsunface, three-
photon fluorescence polarizing microscopy.

1. INTRODUCTION

Complex geometrical constrains and intrinsic cltyaln nematic mesophases allow for formation oéb# and
metastable defect structures of high complexityceRéy knots and links of arbitrary kind have béemmed using laser
micro-manipulation of nematic braids entanglingladal particles in nematic liquid crystals [1]. frustrated chiral
nematic phases stable and metastable toron anibhajfects have been implemented by laser twe¢2&k Complex

colloidal particles in the form of platelets, hasmdliodies, and knots have led to intricate yet cflatsle nematic fields [4-
6]. In numerical studies we predicted numerous iexstructures in confined blue phases [7,8] andlst&notted

disclinations in cholesteric droplets with homeptooboundary conditions [9]. Moebius type colloidadrticles were
shown to directly induce knotted disclinations iimgle nematics [10] Modeling studies based on tlenerical

minimization of the phenomenological free energypmorted with the adapted topological theory [1]-aHow for a

rather straightforward study and characterizatibthe diverse structures. Crucial for the undermitagn of the nematic
structures is the visualization of the orderindde[15]. Here, we review some recently observed! pnedicted complex
defect and neamatic-field structures using differeisualization approaches for their presentatibhe numerically
obtained structures are also used to simulate ipatan microscopy (PM) images and micrographs #natobtained with
three-photon fluorescence PM for selected typegpadérization [16]. Finally, this paper is a contrilon towards
predictable-design of complex soft materials witisgible use in advanced complex optics and phatonic

2. DESCRIPTIONS OF NEMATIC ORDERING FIELDS

The director field is the central and most commomded parameter to describe the orientational irglesf nematic
liquid crystals. It is often used for approximatealytic and simplified numerical modeling. Formaltile possible states
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of the director constitute a unit sphere (direcsaa unit-length vector-field), with opposite ditens describing the same
physical state. Regions with an ill-defined oragitnal field are called topological defects. Thedges of defects, based
on the director profile, mostly focus on the tomptal properties of point defects and on the wigdmumber of
disclination lines. Such approaches can charaeteglementary features in the director field throwgplication of
homotopy theory [17-20]. For point defects, togital charges are defined as integrals over thising surfaces [19—
22]. The disclinations are well described by theinding numbers, but in case they are closed, thsp carry a
topological charge [23,13]. Visualization is essarfor understanding of the nematic defect strregu The recent surge
of interest in complex nematic defect structurdsgroat submicron scales, requires approaches wieside topological
guantities also geometrical aspects and fine detdilordering play an essential role. Thereforstead of a simple
director based description of the orientationalenalar ordering in nematogenic materials, a spatiEdpendent tensorial
order paramete); [24] based approach is used. This tensor “nematid’fied defined as a second moment of the
orientational molecular distributioy; = < 3a;a/2— J; >, wherea;is a Cartesian coordinate af- the single molecule
orientational vector, and the brackets denote tisemble average. Usually it is written in the form

Qij = S(3nyn; — 8;;)/2 + Pejfef" /2 — Pej e /2, (1)

where the first term describes the average oriemtatf molecules along the directorand scales with the well-known
degree of orientational orde® whereas the second two terms describe biaxiaftythe molecular orientational
distribution [24]. The paramet& measures the degree of biaxiality of the fieldcdminating thes" axis along which the
fluctuations of the molecular orientation are latgérom thee™ axis along which the fluctuations are smallestgiige of
order S ranges from —1/2 to 1, but in practice mostly stapsitive, whileP is in most areas practically zero. The
equilibrium nematic field can be obtained by mirimg the model-form of the nematic free energy [24bte that
relevant physical scales cover a broad range afegalrom several microns to only few nanometers.shteller scales,
molecular Monte Carlo and molecular dynamics apgtea need to be used [2ZH)]. On the experimental side, until
recently, the conventional polarization microsctiag been practically the only tool for the deteation of the nematic
field. Measuring techniques improved with the etiolu of precise fluorescence-based microscopy tegcies R7-29. By
using multiple polarizations and detection of flesrence signal, it is possible to determine thectbr field with
submicron resolution in three spatial dimensionsthis way a three-dimensional director field canreconstructed and
visualized. The comparison of experimentally meadurelds and predictions from modeling approadtas be used to
improve weaknesses of the experimental reconstructh one side and to adapt and improve the freeggrfunctional
with all relevant terms for optimal prediction ditnematic field on the other hand [30].

2.1. GLYPHS, STREAMLINES AND POLARIZATION MICROSCOP Y

In nematic liquid crystals simple director field isually represented by line segments (Figure Wafortunately,
effectively, this is useful only if visualizing itgne director fields which are twodimensional. Tug-of-plane director on
a two-dimensional cross section was traditionadgatibed by ‘nails’, where the out-of plane ori¢iota was marked by
distinguishing the length of the nail (Figurelc)itithe advances of computer graphics a straighticdt method is to
draw the director as glyphs of different shapegyfél b&d) where shading is used to represent @tien. In case those
deformations are rather weak or more complex irthivd dimension, streamlines that follow direcfietd are a better of
visualization than glyphs. It should be stressedt its implementation requires careful use of teasmature of the
director field taking into account the n to —n syatirg of the director [15]. The approach with stréiass is illustrated by
a visualizing the twisted boojums that accompaicpliidal particle with planar anchoring in a chremic liquid crystal
[18]. By comparingrigures 1e&f one clearly sedésat glyphs hardly indicatthe left & right twisting of the nematic
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Figure 1: (a, b) Use of two kinds of glyphs for the presentation of 2D director fields in a cross section of a singular +1/2 disclination and
(c,d) a nonsingular +1 twisted disclination. (e,f) Glyph presentation is contrasted to the stream lines for the case of counter-twisted
boojums that accompany colloidal sphere enforcing planar anchoring in a chromonic liquid crystal. (g) Simulated polarization
microscope picture of a director field induced by such a colloidal particle under crossed polarizers and (h) under crossed polarizers with
added lambda plate.

director which on contrary is clearly seen in the streamline presentation. The director field glyphs enhanced by color
coding are another option to better describe 3D variation of the nematic field [15].

Experimentally, the most common way of observing liquid crystalline structures is by polarized optical transmission
microscopy (PM) (e.g. see Ref. 24). This method has a strong potential for recognition of structures primarily in cases
when the structures vary mostly in a plane perpendicular to the observation direction. However, even for rather simple 3D
nematic fields the method is much less effective in determining details of the structure. The method is also limited to
samples that are thinner than the coherence length of the light. To obtain a simulated PM picture usually simple straight
ray optics is used to calculate the total phase shift between ordinary and extraordinary component of the ray. The
computation is based on slicing the Q-tensor field into long and thin prisms along which effectively, the light-ray is
propagated. The local variation of birefringence is described by the Jones matrices [31]. This technique allows for
calculations of a transmitted monochromatic and polychromatic light. The simulated white light PM pictures of a two
opposite twisted boojums accompanying a planar colloidal particle in a chromonic liquid crystal (Figures 1g&h)
demonstrate that beside microscopy with cross polarizers also a picture with inserted lambda wave plate is needed to
uncover twisting details of such 3D nematic field [32].

2.2.DEGREE OF ORDER AND DISCLINATIONS

Defect structures are often visualized by plotting only singular defect lines via drawing isosurfaces of constant nematic
degree of order S for some preselected value that is lower as in unperturbed bulk nematic [31, 33]. The Figure 2a
illustrates a simple case of a homeotropic colloidal spherical particle encircled by a -1/2 disclination ring. The
visualization of the disclination loop via S-isosurface is accompanied by line segment representation of the inplane
director field. In contrast, for a trefoil knot-like homeotropic colloidal particle accompanied by two knotted disclination

lines (Figure 2b) the director is intentionally omitted as it strongly varies in all three spatial dimensions (for details on the
experiment and modeling see Ref. 6).
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Figure 2: Presentation of the -1/2 singular disclination lines that accompany colloidal particles with homeotropic surface anc
nematic media using isosurfaces of S corresponding to the 5% reduction of the bulk order parameter. The Saturn ring discl
which encircles the spherical colloidal particle is complemented also by the nematic director field in a cross section (a).
knotted colloidal particle, the physical knot is entangled by two nematic field knots (b). To avoid an overcrowded picture th
field is intentionally not presented.

2.3.SPLAY, BEND AND TWIST

To examine the fine structure of the director field around defects, the elastic nematic deformation modes -splay
twist- can be effectively extracted and visualized by highlighting the degree of specific deformations in the in
surroundings of the defects without showing complete nematic field. One such parameter that easily visu
winding number of disclination lines is the scalar splay-bend parai@gjeconstructed from second derivatives of
order parameter tens@; [ 34]:

= 9%y
axiaxj

: )

SSB

where note that summation over repeated indices is assumed. Effectively, the scalar splay-bend [sasaméitly
analogous to the divergence of the order- and flexoelectric polarization arising from the deformation of the nen
in a simplified flexoelectric modeRH]. Neglecting the biaxiality and variation of thegdee of order S, the tensor fo
reduces to the well-known vector form:

Ssp =2 V- (n(V-n) —nx (Vxn)). 3)

The first term stems from a strong divergence of splay deformation that corresponds to fesitivieile negative
valuesof the second term imply strong divergence of the bend deformation. Splay-bend parameter visualizati
applied also for distorted director profiles, as long as the splay and bend deformations reach extremes |
disclination lines. The splay-bend parameter proves to be particularly efficient in finding escaped defect lines wi
winding numbers (see Ref. 15). When visualizing twist deformations in chiral and archiral nematic liquid crystal
twist parameteBr, similar to the chiral term in the nematic elastic free-energy is used [8]:
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whereS is the bulk-order parameter anglis the inverse pitch different from zero only fatrinsically chiral phases,
making Srw zero in the ground state of chiral and achiral ages. It is convenient for identifying twist vatians of
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Figure 3: Colloidal dimmer confined mtwisted nematic cell is bound by a (small) cirew&/2 disclination loop and a larger more
complex -1/2 disclination loop that locally notatdgviates from the -1/2 hyperbolic, as visualizgdtte splay-bend parameter and
twist parameter. Blue color indicates large splag gellow large bend. Green and violet indicatesithe and negative twisting. The
two insets show local cross-sections of the lalgep.

singular disclination lines mostly induced by gedmcal confinement and for twisted deformations rafnsingular

disclinations when the anisotropy of the twist #tasonstant (weak) plays the crucial role. Forcical purposes both
parameters are scaled with the nematic correldgiogth, thus being dimensionless quantities. FiQuitiistrates how the
splay-bend and twist parameters vary along a -iB@idation loop entangling a colloidal dimer inmetwisted nematic
cell [35]. In Figure 4 it is illustrated how thelap-bend parametersScan reveal distortions of a -1/2 disclination laop
a cholesteric phase confined to a spherical dropitt the surface imposing strong homeotropic anicigo The line

cross-sections distort only close to the surfacereds in the bulk they exhibit geometrical distorsi known as writhe
and twist. The sum of writhe and twist equalsttiological invariant — self-linking number - of arbitrary complex -
1/2 disclination loop [12,9].

Figure 4: Knotted disclination loop in a cholestatiroplet with homeotropic surface anchoring. Ditanef the droplet is 5 times the
value of the intrinsic cholesteric pitch. The spl®nd parameter and nematic order parameter atetasghow that profile of the
disclination which deviates substantially from there-fold ribbon when near the surface of the lditop
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2.4.PONTRYAGIN-THOM SURFACE AND MULTI-PHOTON FLUORESCEN CE
POLARIZATION MICROSCOPY

The elementary polarization microscopy technique2id nematic structures based on counting darki&en brushes
was in past years extended to three dimensionstumyisag three-dimensional regions that share commioactor
orientation, as can be determined by confocal pphititon flurescence polarization microscopy [27:28hen and
collaborators have showR,3] that by selecting the light beam direction, thentR@gin — Thom (PT) surface can be
constructed that is formed of points where diredsoperpendicular to the beam direction. The serfecparticularly
simple when the system is characterized by a honmgefar-field director and a beam that is paraibelt. The PT
surface is closed for neniaffields that have no defects and no confiningase$. In case of confinement, the PT surface
is limited by confining isosurfaces and similarifydefects are present, they also limit the PT auef For more details
how PT surfaces are linked to topological charges Ref. 15. In Figure 5, the colloidal particleanhomogenous
unwinded cholesteric farfield is decorated by aftooy making the PT surface simple yet boundedhegygarticle. The

¢
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Figure 5: Colloidal particle in the unwinded chaée& decorated by a hopfion. Director presentatibased on (a) glyphs, (b) splay-
bend parameter, (c) Pontryagin — Thom surfaceSiulated multi-photon fluorescent PM image.

simulated confocal image of multi-photon PM is shoas well. In Figure 6, a cholesteric droplet witbhmeotropic
surface anchoring contains a disclination loophim form of a trefoil knot: the PT surface is conxpéand bounded by the
disclination loop and the droplet surface.

Figure 6: Trefoil knot in a cholesteric droplet lwé diameter 5 times the intrinsic pitch. On tlylripanel a Pontryagin — Thom
surface is plotted together with a color wheel dbgtg the director orientation.
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3. CONCLUSION

With advances in optical technology and increastcwnputing power, the resolution and complexity adthb
experimentally acquired data and simulation residtd®ecoming increasingly higher. To manage therwhelming
amount of raw data, efficient visualisation teclugig are an essential part of the research proasshey allows for
observation and study of results in an intuitiveywand more easily spot the important featuresommex structures.
Today multiple state-of-the art data visualizatgwitwares offer a variety of display methods, idahg real-time view
manipulation, but in order to use them for theipaftar field of liquid crystals, relevant parametenust first be extracted
from the available raw fields. In this brief reviewe touched on a broad spectrum of visualizatEchniques and
evaluated their scope of use, advantages and distadyes. Notably, these approaches can also beirmntn show
specifically relevant information. For example, doning the splay-bend parameter isosurfaces witteroparameter
isosurfaces and director glyphs on a cross sedsi@ommon to achieve a high information density levikieeping the
maximum readability. Beside the aesthetic appkalyight choice of a method can uncover hiddercsiras and lead to a
scientific breakthrough. Therefore, keeping up wlith current presentation technology should natdggected.
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